Locally conformal symplectic (l.c.s.) groupoids are introduced as a generalization of symplectic groupoids. We obtain some examples and we prove that l.c.s. groupoids are examples of Jacobi groupoids in the sense of [5] . Finally, we describe the Lie algebroid of a l.c.s. groupoid.
to introduce a l.c.s. structure and a Lie groupoid structure on G × R (whose space of identity elements is M × R) and these structures are compatible in a certain way. These results motivate the definition of a l.c.s. groupoid in Section 4. Symplectic groupoids are l.c.s. groupoids and, furthermore, we prove, in Section 4, that a l.c.s. groupoid is a particular example of the socalled Jacobi groupoids, which were first introduced in [5] as a generalization of Poisson groupoids. Finally, in Section 5, we describe the Lie algebroid of a l.c.s. groupoid.
In this paper, we will use the definitions, notation and conventions introduced in our previous paper [5] (see Sections 1 and 2 in [5] ).
Locally conformal symplectic manifolds
A manifold M is said to be locally (globally) conformal symplectic (l.(g.)c.s.) manifold if it admits a non-degenerate 2-form Ω and a closed (exact) 1-form ω such that δΩ = ω ∧ Ω.
The 1-form ω is called the Lee 1-form of M . It is obvious that the l.c.s. manifolds with Lee 1-form identically zero are just the symplectic manifolds (see, for example, [3, 7] ). L.c.s manifolds are examples of Jacobi manifolds, i.e., if (M, Ω, ω) is a l.c.s. manifold then there exists a 2-vector Λ and a vector field E on M such that [Λ, Λ] = 2E ∧ Λ and [E, Λ] = 0. In fact, the Jacobi structure (Λ, E) is given by
for all α, β ∈ Ω 1 (M ), where ♭ : [3] ).
An example
Let (G ⇉ M, η, σ) be a contact groupoid over a manifold M , that is, G ⇉ M is a Lie groupoid over M with structural functions α, β, m and ǫ, η ∈ Ω 1 (G) is a contact 1-form on G and σ : G → R is an arbitrary function such that if ⊕ T G is the partial multiplication in the tangent Lie groupoid
for (g, h) ∈ G (2) and (X g , Y h ) ∈ T (g,h) G (2) (see [2, 6] ).
If (G ⇉ M, η, σ) is a contact groupoid then, using the associativity of ⊕ T G , we deduce that σ : G → R is a multiplicative function, that is, σ(gh) = σ(g) + σ(h), for (g, h) ∈ G (2) . This implies that
Using (3), we also deduce that (see [2] )
, ξ being the Reeb vector field of the contact structure η. Now, we will obtain a l.c.s structure and a Lie groupoid structure on the manifold G × R, both structures compatible in a certain way.
First of all, take the Lie groupoid G ⇉ M and the multiplicative function σ : G → R. Then, using the multiplicative character of σ, we can define a right action of G ⇉ M on the canonical projection
for (x, t) ∈ M × R and g ∈ G such that β(g) = x. Thus, we have the corre-
(see [4] for the general definition of an action Lie groupoid; see also [5] ). Moreover, it is not difficult to prove that (M × R) * G may be identified with the product manifold G × R and, under this identification, the structural functions of the Lie groupoid are given by
From (8) and the definition of the tangent groupoid (see, for instance, [5] ), it follows that the projections (α σ ) T , (β σ ) T , the inclusion (ǫ σ ) T and the partial multiplication
for
On the other hand, if A(G × R) is the Lie algebroid of the Lie groupoid G×R ⇉ M ×R, then using (8) and the definition of the cotangent groupoid (see [1, 5] ), we deduce that the projections α σ , β σ , the inclusion ǫ σ and the partial multiplication
Next, we define on G × R the 2-form Ω and the 1-form ω given by
Thus, we have that (G × R, Ω, ω) is a locally conformal symplectic manifold of the first kind in the sense of [7] . Note that if (Λ, E) is the Jacobi structure on G × R associated with the l.c.s. structure (Ω, ω) then
Now, using (3)- (6) and (8)- (12), we prove the following result.
is the Lie groupoid with structural functions given by (8) , the pair (Ω, ω) is defined by (11),σ = σ •π 1 is the pull-back of the multiplicative function σ by the canonical projectionπ 1 : G × R → G and θ is the 1-form on G × R defined by θ = eσ(δσ − ω), then we have:
where π i : G (2) → G, i = 1, 2, are the canonical projections and (Λ, E) is the Jacobi structure on G × R associated with the l.c.s. structure (Ω, ω).
Locally conformal symplectic and Jacobi groupoids
Motivated by Proposition 3.1, we introduce the following definition. 
where ii) A Lie groupoid G ⇉ M is said to be symplectic if G admits a symplectic 2-form Ω in such a way that the graph of the partial multiplication in G is a Lagrangian submanifold of the symplectic manifold (G × G × G, Ω ⊕ Ω ⊕ (−Ω)) (see [1] ). This is equivalent to say that Ω satisfies the condition m * Ω = π * 1 Ω + π * 2 Ω. Therefore, we conclude that (G ⇉ M, Ω) is a symplectic groupoid if and only if (G ⇉ M, Ω, 0, 0) is a l.c.s. groupoid.
Next, we will give the relation between l.c.s. groupoids and Jacobi groupoids. First, we will recall the definition of a Jacobi groupoid.
Let G ⇉ M be a Lie groupoid and σ : G → R be a multiplicative function. Then, T G × R is a Lie groupoid over T M × R with structural functions given by (see Section 3 in [5] )
On the other hand, if AG is the Lie algebroid of G then T * G × R is a Lie groupoid over A * G with structural functions defined by (see Section 3 in [5] )
is a morphism of Lie groupoids over some map ϕ 0 : A * G → T M × R, where the structural functions of the Lie groupoid structure on
given by (19) (respectively, (18)).
Remark 4.4 A Poisson groupoid is a Jacobi groupoid (G ⇉ M, Λ, E, σ) with E = 0 and σ = 0 (see [5] ).
A characterization of a Jacobi groupoid is the following one. If G ⇉ M is a Lie groupoid and σ : G → R is a multiplicative function then T * G is a Lie groupoid over A * G with structural functions given bỹ
We call this Lie groupoid the σ-cotangent groupoid. Note that the canonical inclusion
, is a monomorphism of Lie groupoids. i) # Λ : T * G → T G is a Lie groupoid morphism over some mapφ 0 :
(15), (16), (21) and proceeding as in the proof of the fact that E is rightinvariant, we conclude that X e σ is a left-invariant vector field. Moreover, if x is a point of M , then relation (17) implies that X e σ (ǫ(x)) = − ← − X 0 (ǫ(x)). Thus, # Λ (δσ) = − → X 0 − e −σ ← − X 0 . Finally, since Λ(ω, θ) = 0 and E = −# Λ (ω), we obtain that E(σ) = 0. Therefore, (G ⇉ M, Λ, E, σ) is a Jacobi groupoid.
In a similar way, we prove the converse.
QED
Remark 4.7 Using Theorem 4.6 we directly deduce that a symplectic groupoid is a Poisson groupoid. This result was proved in [8] .
5 The Lie algebroid of a l.c.s. groupoid
Let (G ⇉ M, Ω, ω, σ) be a l.c.s. groupoid and θ the 1-form on G given by (13). Then, the 1-form e −σ θ is closed and sinceβ • θ = 0, it follows that θ is basic with respect to the projection α. Thus, there exists a unique 1-form θ 0 on M such that α * θ 0 = e −σ θ. It is clear that θ 0 is closed. Now, denote by (Λ, E) the Jacobi structure on G associated with the l.c.s. structure (Ω, ω). Then, # Λ (θ) is the hamiltonian vector field X e σ of the function e σ . Moreover, from Theorem 4.6, and using the results in [5] (see Proposition 5.6 in [5] ), we deduce that there exists a Jacobi structure (Λ 0 , E 0 ) on M in such a way that the couple (α, e σ ) is a conformal Jacobi morphism between the Jacobi manifolds (G, Λ, E) and (M, Λ 0 , E 0 ). This implies that
Therefore, we have proved the following result.
.s. groupoid and θ the 1-form on G given by (13). Then, there exists a unique 1-form
Next, we will describe the Lie algebroid associated with a l.c.s. groupoid. Proof: Let µ be a 1-form on M . Since the map # Λ : T * G → T G is a morphism between the σ-cotangent groupoid and the tangent groupoid T G ⇉ T M , we obtain the that vector fieldX = Ψ(µ) is β-vertical. Moreover, if (g, h) ∈ G (2) and L g : G α(g) → G β(g) is the left-translation by g then, using (14), we deduce that
for (Y g , Z h ) ∈ T (g,h) G (2) . This proves thatX ∈ X L (G).
Conversely, ifX ∈ X L (G) andμ is the 1-form on G defined byμ = −i(X)Ω then, from (14), it follows that e σ α * µ =μ, µ being the 1-form on M given by µ = ǫ * μ . This implies that Ψ(µ) =X.
On the other hand, using that the map # Λ : Ω 1 (G) → X(G) is an isomorphism of C ∞ (G, R)-modules, we conclude that Ψ is an isomorphism of C ∞ (M, R)-modules. Now, suppose that X, Y ∈ Γ(AG). We have that the left-invariant vector field ← − X is α-projectable to a vector field a(X) on M . In addition, if µ and ν are the 1-forms on M satisfying Ψ(µ) = ← − X and Ψ(ν) = ← − Y , then a long computation, using (1) and Definition 4.1, shows that
This ends the proof of our result.
QED
Remark 5.3 Let (G ⇉ M, Ω) be a symplectic groupoid. Then, the Jacobi structure on M is Poisson, that is, E 0 = 0 (see Section 5.2 in [5] ) and the 1-form θ 0 on M identically vanishes. Thus (see Theorem 5.2), AG is isomorphic to the cotangent Lie algebroid T * M . This result was proved in [1] .
